By making use of exact results on the Ising systems investigated by Yaks et a!. and by Fisher, thermostatistical properties of the Ising lattice with second-neighbour and four-body interactions are studied. Transition temperatures of such systems can be obtained exactly and the following facts are proved. In the first place, the critical singularities of the systems with these interactions are the same as those of the ordinary Ising model. Secondly, the critical temperature of the ordinary antiferromagnet on the square lattice is a decreasing function of the magnitude of applied magnetic field. By making use of a dual transformation, it is also shown that second-neighbour and four-body interactions are irrelevant to the critical indices for the system with non-vanishing nearest-neighbour interaction. § I. Introduction
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show that the universality hypothesis holds even in the presence of four-body interaction so far as the usual nearest-neighbour interaction is present, where the former is irrelevant to the critical indices.
By applying the cross-square transformation in § 2, it is shown that VLO model is reduced to an Ising system with second-neighbour and four-body interactions, and the critical temperature and the critical indices of this system are obtained. In § 3, Fisher's model is studied in a similar way, where the phase diagram of antiferromagnet on magnetic field versus temperature plane is also discussed. Finally in § 4, discussion and concluding remarks are given, in which the universality hypothesis is verified by investigating the specific heat. § 2. Cross-square transformation applied to VLO model
We consider one spin 110 interacting pairwise with each of the surrounding four spins 111, 112, 113, (J4 as shown in Fig. 1 (a) . In the partition function Z (K) for this system, we first sum up with 110 to obtain Z(K) = I;··· I; exp{K110 (111+112+1Ia+II,)} 
Note on the Ising Jlodel with Second-Neighbour
Equation ( Figs. 1(a) and (b), respectively. The interaction parameters in Fig. 1 (b) are i3-1 X and /3-1 Y respectively, corresponding to the interaction parameter J in Fig. 1 (a) . It is noted that (b) Model A, where the second-neighbour and four-body interactions exist in every square face.
where the equalities hold only at infinitely high temperature 1_1 = 0. In the followmg. by making use of this transformation, we obtain exact transition temperatures and critical indices of the system with Hamiltonian of the form (4) which consi:;ts of pair interactions .h, .12 between the nearest-neighbour and between some second-neighbours, respectively, and of four-body one J 4• Vaks, Larkin and Ovchinnikov 1 l investigated such an Ising lattice (Union-Jack lattice) as shown in Fig. 2 (il) , where in addition to the nearest-neighbour interctction .T, a second-neighbour one J' exists only between half o£ such pairs. The transition temperature of this system is determined from equation
where :r and y are th i3J and th ,3J', respectively. By making use of the cross-square transformation, VLO model is reduced to a lattice system with the Hamiltonian (4) such as shown in Fig. 2 (5) and (6) . For example, we obtain k'l\/ J, The critical indices of Model A are proved to be identical with those of VLO model in the following. From Eqs. (8) and (2), we obtain the relation 
Trexp{(2X+K').L:omon+XZomop+YZomOnOpOq}
By assuming the values of parameters Jb J, and J4 to differ from the respective values at the critical point by LiJb L1J2 and LiJ,, respectively, we obtain up to first orders of LiJ~> LiJ2 and L1J4 The specific heat c A of Model A is expressed as By the reason similar to for Eq. (11), the most divergent term on the right-hand side of (16) is o<o;Oj)Ajo/J, and thus we obtain from (15) (17) In the case of finite magnetic field I-I, there appear three-body interaction terms by the cross-square transformation. Similarly to Eq. (11), we can obtain after some calculation (18) The left-hand side of (18) where si and 0" 1 are the Ising variables for the non-magnetic and magnetic sites, respectively, and the summations are taken over all horizontal and all vertical pairs in the first and second summands, respectively. Magnetic sites compose a square lattice, which can be divided into two sublattices a and b, and the summations in the third and fourth summands on the right-hand side of (20) are taken over the a and b sublattices, respectively. In case of vanishing staggered field Hst• by performing the summation over all states of magnetic spins, we find that the partition function, ZFA (K, L), of Fisher's model is related to that of the ordinary Ising model, Zr (K), as (21) where L = {3H, N denotes the total number of non-magnetic spins and K 1 is given by K 1 = ln{ch (2K+L) /ch L} /2. In such a way, Fisher studied the thermal behaviour of his antiferromagnetic model in the presence of finite magnetic field. In the presence of nonvanishing staggered field J-Ist. Fisher's model is reduced to the usual ferromagnetic Ising model with finite magnetic field, in which no phase transition occurs.11l By applying the cross-square transformation to Fisher's model, in which the summations with nonmagnetic sites are carried out, we obtain the Ising system with second-neighbour and four-body interactions (referred to as Model B, hereafter),
where X and Y are determined from Eq. (2). As shown m Fig. 4 (b) , the second-neighbour and four-body interactions exist only in one half of the alternate square faces. It is noticed that the nearest-neighbour interaction J1 is negative tions by the amount of -(J2 + J4/2), which is surely negative for the cases shown in Fig. 5 . Moreover, both of these interactions give no effect on the critical field He. Accordingly, for a magnetic field smaller than H<> the critical temperature of Model B is higher than that of the nearest-neighbour antiferromagnet such as shown by (ii) and (iii) in Fig. 6 schematically. Thus, it has been proved for the usual antiferromagnetic Ising model with only nearest-neighbour interaction on the square lattice that fJTc (H) /fJHIH~H. is negative.
It is noticed that for a nonvanishing fi.t> no phase transition occurs in Model B as well as in Fisher's model, whereas two phases coexist on the lines H = ± Hst +4J1>0 and H= ±H.t-4J1<0 on the zero temperature plane. This is in contrast with the result of mean field approximation to the same model with J4 vanishing, where the phase boundaries extend to finite temperatures and end at the critical lines.w If the mean field result can be believed qualitatively, our result indicates that the four-body interaction suppresses the phase transition in Model B to occur at finite temperature and staggered field.
The critical indices of Model B can be proved to be the same as those of the usual Ising model; a is found by a deduction similar to that in the preceding section, and {3, r and iJ are more straightforwardly. They are all the same as those of the ordinary Ising system. § 4. Discussion and concluding remarks
In the preceding sections, we have shown that VLO model and Fisher's superexchange antiferromagnet are reduced to the Ising systems on the square lattice with nearest-neighbour, second-neighbour and four-body interactions, and with a finite magnetic field in the case of Fisher's model. In the reduced systems, the energy parameters, J2, J4 and H, are not arbitrary but related to one another.
As a result, the transition temperatures for the reduced systems are found exactly. On the basis of the phase diagram for Model B, the derivative 8Tc (H) jfJH at the critical field H, is proved to be negative for the usual Ising antiferromagnet with only the nearest-neighbour interaction on the square lattice. Critical indices for our models are proved to be the same as those of the usual Ising model. Thus, it seems possible quite in general to conclude that the second-neighbour and fourbody interactions and the uniform applied field in antiferromagnet are irrelevant. However, it is not certain, because the dependence of the critical indices on the energy parameters, J2 , J4 and f1, are discussed in our models only for the cases of some special relations between those parameters existing. Only as a consequence of such relations the indices may accidentally reduce to those of the usual Ising model. More believable results on the universality hypothesis are obtained by the following discussion.
The critical index, say, a is assumed to depend on a certain field r; generally in either of three different 'Nays; (i) a is independent of r;, (ii) a only depends on whether 'fj is vanishing or nonvanishing, (iii) a depends on ·r; literally. In the case (iii), we can expect that a is a monotonic function of r; as in the case of Fig. 3 and J4 and f1 in (26) are in such a way as shown in Fig. 5 . As for the uniform magnetic field f1, which can be regarded as a staggered field for the ferromagnetic case in our model, Griffiths 5 l asserted that the magnetic field does not influence the critical singularity of the antiferromagnet (smoothness hypothesis), which was also ascertained numerically by Rapaport and Domb.18) On the basis of that hypothesis we obtain from (26) by using (2) (27)
The relation (27) indicates that J, is irrelevant and J 2 is also irrelevant because aB (1, 0, 0) = aB (0, 0, 0) ( = a 1). Thus, it has been proved that ctB is indepet~dent of both J2 and J4 in Model B. The partition function, ZA (K~> K 2 , K 4 ) , of Model A is related to that of Model B, ZB (K~> K 2 , K,, L), by Kasain as (28) where CA (K1) and CB (K1 *) are some smooth functions of respective arguments and the inverse temperature K 1 * ( = /3* J 1) is related to K 1 by {exp(8K 1) -1} {exp(8K 1*) -1} =8.
(29)
We obtain from (28) and (29) a A (1/2, 1/2) = aB' (1, 1, 0),
where aB' represents the exponent of the ordered phase. As aB' (1, 1, 0) 
J 2 is also found irrelevant.
Thus, on the basis of the smoothness hypothesis on the antiferromagnet, we have proved that the critical singurality of the specific heat is influenced neither by the second-neighbour interaction nor by the four-body one in both cases of Model A and Model B. By assuming that one of the other fields, J2 or J4, is irrelevant, which is also ascertained on the basis of the approximate methods,sl.Jol,I5l,I6l,l8)~21l we can prove the universality hypothesis from the consideration similar to the above one.
